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Abstract: A new approach to the construction of interacting quantum field the-
ories on two-dimensional Minkowski space is discussed. In this program, models
are obtained from a prescribed factorizing S-matrix in two steps. At first, quan-
tum fields which are localized in infinitely extended, wedge-shaped regions of
Minkowski space are constructed explicitly. In the second step, local observ-
ables are analyzed with operator-algebraic techniques, in particular by using the
modular nuclearity condition of Buchholz, d’Antoni and Longo.

Besides a model-independent result regarding the Reeh-Schlieder property
of the vacuum in this framework, an infinite class of quantum field theoretic
models with non-trivial interaction is constructed. This construction completes
a program initiated by Schroer in a large family of theories, a particular example
being the Sinh-Gordon model. The crucial problem of establishing the existence
of local observables in these models is solved by verifying the modular nuclearity
condition, which here amounts to a condition on analytic properties of form
factors of observables localized in wedge regions.

It is shown that the constructed models solve the inverse scattering problem
for the considered class of S-matrices. Moreover, a proof of asymptotic com-
pleteness is obtained by explicitly computing total sets of scattering states. The
structure of these collision states is found to be in agreement with the heuristic
formulae underlying the Zamolodchikov-Faddeev algebra.

1. Introduction

In relativistic quantum field theory, the rigorous construction of models with
non-trivial interaction is still a largely open problem. Apart from the well-known
results of Glimm and Jaffe [33], most interacting quantum field theories are
treated only perturbatively, usually without any control over the perturbation
series.
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The main difficulties in the construction of interacting quantum field the-
ories arise from the principle of Einstein causality, demanding that physical
observables must be strictly local, i.e. represented by commuting operators when
spacelike separated. In view of this problem, several authors [17,18,55,58,48,
50] have proposed to construct models by first considering easier manageable,
non-local theories, and then passing to a local formulation in a second step.

A particular example of such a constructive scheme is the program initiated by
Schroer [58,55,56], which deals with quantum field theories on two-dimensional
Minkowski space. Here the interaction of the models to be constructed is not
formulated in terms of classical Lagrangians, but rather by prescribed S-matrices,
i.e. the inverse scattering problem is considered. The S-matrices are assumed to
be factorizing [36], i.e. of the type found in completely integrable models such
as the Sinh-Gordon-, O(N) Sigma-, or Thirring model [1,25].

Adopting the idea of constructing local theories by first considering non-local
auxiliary quantities, one starts in this program from a given factorizing S-matrix
S and defines two non-local quantum fields ¢, ¢’ depending on S [42]. Although
these fields are not local, they are relatively wedge-local to each other in the
following sense. Consider the so-called right wedge

Wg = {z € R? : 21 > ||}, (1.1)

and its causal complement Wy, := Wj = —Whg, the left wedge. Then ¢(x) and
¢'(y) commute (in a suitable sense) if the wedges W+ and Wgr+y are spacelike
separated. Hence ¢(x) is not, as usual, localized at the spacetime point x, but
rather spread out over the infinitely extended spacetime region Wy, + x.

The advantage of these non-local field operators is that they can be cast
into a very simple form in momentum space. In fact, the only difference to free
fields are the deformed commutation relations of their creation and annihilation
parts, which form a representation of the Zamolodchikov-Faddeev algebra [63]. In
particular, ¢ and ¢’ create only single particle states from the vacuum, without
accompanying vacuum polarization clouds. In view of this special property, such
operators have been termed polarization-free generators [56], see [14] for a model-
independent discussion of this concept.

The first step of the inverse scattering construction of models with factorizing
S-matrices, i.e. the construction and analysis of their wedge-local fields, has by
now been completed for a large class of underlying scattering operators [42,58,
17]. Tt is the aim of the present article to accomplish the second step of the
construction, i.e. the passage from the wedge-local fields to theories complying
with the principle of locality, for the family of S-matrices considered in [42].

Usually the task of classifying and constructing quantum field theories with
factorizing S-matrices is taken up in the so-called form factor program [59,6].
In that approach, one studies local fields A in terms of their matrix elements
in scattering states (form factors). The n-point functions of A are then repre-
sented as infinite series of integrals over form factors. These form factors have
been calculated for a multitude of models [4,30,7,5], at least for the lowest
particle numbers. But in almost all cases' one is still lacking control over the
series representing the n-point functions [6]. This is due to the complicated form

1 The only non-trivial example of a proof of convergence of a form factor expansion which is
known to us is the case of a two-point function in the Yang-Lee model (F. A. Smirnov, private
communication).
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factor functions, and can be understood as a consequence of the complicated
momentum space structure a local quantum field must have in the presence of
interaction. So at present, the existence of models with prescribed S-matrices
cannot be decided within the form factor program.

If a given collision operator is expected to be related to a classical Lagrangian,
there is also the possibility of applying the Euclidian techniques of constructive
quantum field theory. Along these lines, the existence of the Sine-Gordon model
and the non-triviality of its S-matrix have been established by Frohlich [31,32].
But the hard task of explicitly computing the scattering operator and making
contact with the form factor approach is still an open problem in this framework.

In the context of the wedge-local fields ¢, ¢’, local observables can be char-
acterized by commutation relations with ¢ and ¢’ [58]. Solving these relations
amounts to solving the form factor program. We will follow here a different ap-
proach, motivated by the observation that for the analysis of basic questions,
such as the existence of theories with certain properties, it is not necessary to
have explicit expressions for strictly local quantities. The problem to decide if a
given factorizing S-matrix is realized as the collision operator of a well-defined
quantum field theory can be solved by considering only the structure of observ-
ables localized in wedge regions.

To accomplish this task, one has to answer the question whether the wedge-
local models defined by the fields ¢, ¢’ contain also observables localized in
bounded spacetime regions. A strategy how to solve this existence problem was
proposed in [17]. The main idea is to consider the algebras generated by bounded
functions of ¢, ¢’ rather than the fields themselves. One proceeds to a net of
wedge algebras, i.e. a collection of von Neumann algebras A(W), where W runs
through the family {Wg+x, Wy +x : x € R?} of all wedges in two-dimensional
Minkowski space. In this formulation, powerful operator-algebraic techniques
become available for the solution of the existence problem, which have not been
employed in other approaches.

It has been shown in [17] that non-trivial observables localized in a double
cone region of the form Wr N (W, + ), © € Wg (cf. figure 2.1, p. 5) do exist if
the so-called modular nuclearity condition [15] holds, i.e. if the map

E(x): AWg) — H,  E(x)A:= AY4U(2)AR, (1.2)

is nuclear. Here A denotes the modular operator [39] of (A(Wg), £2). So the
existence of local observables can be established by estimates on wedge-local
quantities.

In the context of theories with factorizing S-matrices, the crucial question
arises whether the modular nuclearity condition holds in such models. We will
show here that this condition takes a very concrete form in these models, and
can be solved by analyzing analytic continuations of form factors of observables
localized in wedges. As our main result, we will give a proof of the nuclearity
condition for a large class of underlying S-matrices, thereby establishing the
existence of the corresponding models as well-defined, local quantum field the-
ories. Moreover, once the modular nuclearity condition has been established, it
is possible to apply the usual methods of scattering theory. Doing so, we will
compute total sets of n-particle collision states in these models, and prove that
the construction solves the inverse scattering problem.
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This article is organized as follows. In Section 2, we extend the analysis of
[17] and derive further consequences of the modular nuclearity condition in a
model-independent, operator-algebraic framework. It is shown there that the
Reeh-Schlieder property of the vacuum [61], which is a prerequisite for doing
scattering theory [2], follows from the nuclearity condition (Theorem 2.5).

For the sake of self-containedness, the basic definitions and results regarding
the models based on the fields ¢, ¢’ are recalled in Section 3. Also the classes of
factorizing S-matrices which we consider are defined there (Definitions 3.1 and
3.3).

In Section 4, analytic continuations of form factors of observables localized in
wedges are studied. It is then shown in Section 5 how these analytic properties
can be used to verify the modular nuclearity condition. We obtain two proofs of
different generality (Theorems 5.6 and 5.8).

Section 6 is devoted to a study of the collision states of the constructed
models. It is shown that our construction solves the inverse scattering problem
for the considered class of S-matrices (Theorem 6.3), and a proof of asymptotic
completeness is given (Proposition 6.2).

The paper closes in Section 7 with our conclusions, and the technical proof
of a lemma needed in Section 4 can be found in the appendix.

This article is based on the PhD thesis of the present author [45].

2. Construction of Local Nets from a Wedge Algebra

In this section we discuss some model-independent aspects of the construction
procedure. In contrast to the following chapters, we will here base our analysis
only on assumptions which are satisfied in a wide class of quantum field theories,
and do not use the special structure of the integrable models to be studied later.

As explained in the Introduction, it is our aim to construct strictly local quan-
tum field theories, but use auxiliary objects which are localized only in wedge
regions during the construction. We therefore consider an algebra M modelling
the observables localized in the reference wedge Wg (1.1), and a representa-
tion U of the two-dimensional translation group (R?,+). Given these data, we
will construct a corresponding quantum field theory by specifying, for arbitrary
regions O in two-dimensional Minkowski space, the algebras A(O) containing
all its observables localized in O, and show that they have the right physical
properties.

The “wedge algebra” M is taken to be a von Neumann algebra acting on
a Hilbert space H, which in order to exclude trivialities we assume to satisfy
dim’H > 1. Moreover, we require

A1) U is strongly continuous and unitary. The joint spectrum of the generators
Py, P of U(R?) is contained in the forward light cone {p € R? : py > |p1]}.
There is an up to a phase unique unit vector {2 € H which is invariant under
the action of U.

A2) 2 is cyclic and separating for M.

A3) For each x € Wg, the adjoint action of the translation U(z) induces endo-
morphisms on M,

M(z) == U(x)MU(z)"* C M, x€Wg. (2.1)
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Assumption Al) is standard in quantum field theory [61,34], and identifies (2
as the vacuum vector. A2) and A3) are abstract characterizations of M as an
algebra of observables localized in Wx [11,17].

It should be mentioned that the assumptions A1)-A3) put strict constraints
on the algebraic structure of M. The following result has been found in [47,26].

Lemma 2.1. Consider a triple (M, U, H) satisfying the assumptions A1)-A3).
Then M is a type 1111 factor according to the classification of Connes [22].

Keeping this structure of M in mind, let us recall how a net O — A(O) of
local algebras can be constructed from the data (M, U, H) [11,17].

As the operators in M(z) (2.1) are interpreted as observables localized in the
translated right wedge Wgr+x, the elements of the commutant M (z)" correspond
to observables in its causal complement Wy, + x, where Wp, := Wz’% = —Wgis
the left wedge. For an operator A representing an observable in the double cone
region O, , with vertices z, y,

Oy = Wr+2)N (WL +y), y—x € Whg, (2.2)

Einstein causality demands that A must commute with both algebras, M(z)’

Fig. 2.1. The double cone O 4 (2.2) and its causal complement O,/ = (W +z)U(Wgr+y).

and M(y) (see figure 2.1). The maximal von Neumann algebra of operators
A € B(H) compatible with this condition is

A(O,,) == M(z) N M(y) . (2.3)

Denoting the set of all double cones in R? by & := {0, : y —x € Wg}, this
definition is extended to arbitrary regions R C R? by additivity,

AR) = \/ A0). (2.4)

RDOOe€0

This prescription determines in particular the locally generated subalgebras
AWg) € M, A(Wp) C M’ associated to the right and left wedges, and the von
Neumann algebra A(R?) C B(H) of all local observables.

It is straightforward to verify that the so defined algebras A(O) comply with the
basic principles of isotony, locality and covariance [34], i.e. they fulfill [11, Sec.
1], 0,01, 0, C R,
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Isotony:
A(O1) C A(Oy)  for O C Oy. (2.5)
Locality:
A(O1) C A(Oy)  for O C O}, (2.6)
Translation Covariance:
U@)AO)U(z) ' = A0 +z), x€eR% (2.7)

As a consequence of A2), the modular theory of Tomita and Takesaki (cf., for ex-
ample, [39]) applies to the pair (M, £2). It has been shown by Borchers [11] that
in the present situation, the modular unitaries and modular group of (M, 2)
can be used to extend U to a representation of the proper Poincaré group, under
which the net O — A(O) also transforms covariantly. But this fact will not be
needed in our subsequent considerations.

The three properties of the algebras A4(O) mentioned above allow to interpret
the elements of A(O) as observables which are localized in O C R2. However,
two important properties of these algebras are still missing.

First of all, it is not clear if our definition contains any non-trivial observables
localized in bounded spacetime regions, i.e. the intersections (2.3) could be trivial
in the sense that A(O) = C-1. Since a quantum field theory should contain local
observables, at least in spacetime regions above some minimal size, a condition
implying the non-triviality of the algebras (2.3) is necessary.

Thinking of applications to the explicit construction of models in an inverse
scattering approach, one would also like to implement the postulate that the
models defined by the observable algebras A(O) have a well-defined S-matrix.

In the framework of algebraic quantum field theory, collision states and the S-
matrix can be calculated with the help of Haag-Ruelle scattering theory [2]. For
this method to be applicable, however, two additional conditions have to be sat-
isfied. Firstly, more detailed information about the energy momentum spectrum
encoded in U is needed [2]. As we can choose U from the outset, this require-
ment poses no difficulties here. But besides these spectral properties, scattering
theory relies on the notion of quasi-localized excitations of the vacuum, which
can only be constructed if the Reeh-Schlieder property [61,2] holds, i.e. if the
vacuum vector (2 is cyclic for the local algebras A(O).

In [17], the following additional assumption, known as the modular nuclearity
condition in the literature [15,16], was made to exclude the case of a quantum
field theory without local observables.

A4) Let A denote the modular operator of (M, £2). Then for x € Wg, the maps
E@):M—-H, E@)A:=AYU(x)AR (2.8)

are assumed to be nuclear?.

2 The definition of a nuclear map between two Banach spaces is recalled in Section 5.
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The modular nuclearity condition A4) is known [15] to imply the split property
[24] for the inclusion M(z) C M, x € Wk, i.e. the existence of a type I factor
N, such that

M(z)c N, c M. (2.9)

Moreover, it has been shown in [17] that this inclusion is even a standard split
inclusion in the terminology of [24], i.e. there exist vectors in H which are cyclic
and separating for the three algebras M, M(z) and M N M(z). Since M
(and hence M(z), too) is a factor (Lemma 2.1), the standard split property of
M(x) C M is equivalent to the following condition [23,24].

A4") For x € Wk, there exists a unitary V, : H — H ® H such that3

Vo (M'VM(@) V=M @ M(z), (2.10)
V,M'NV =M &N, M eM, NecMx). (2.11)

Given A1)-A3), condition A4) implies A4’), but A4’) is slightly weaker than
A4) [15]. In the present section, devoted to a model-independent analysis of the
algebraic structure, A4’) turns out to be the more convenient condition to work
with. However, the somewhat stronger modular nuclearity condition A4) has
the advantage that it can be checked more easily in concrete applications. We
therefore formulate also the results of this section in terms of the latter condition,
and begin by recalling the non-triviality result of [17].

Theorem 2.2. [17] Consider a triple (M, U, H) satisfying the assumptions A1)-
A4). Then the double cone algebras A(O) (2.3), O € O, are isomorphic to the
hyperfinite type I, factor.

As type III algebras, the double cone algebras are far from trivial, and there-
fore local observables exist in abundance if the modular nuclearity condition
is satisfied. Moreover, it follows that the set of vectors which are cyclic for a
given A(O), O € 0, is dense G5 in ‘H [17]. In the remainder of this section, we
will show that it can also be deduced in the general situation described by the
assumptions Al)-A4).

In a particular example of a triple (M, U, H), the cyclicity of the vacuum has
already been established by Buchholz and Summers by explicit calculation of
local observables [20].

In the following lemma, we start our analysis by comparing M to the locally
generated wedge algebra A(Wg) C M (2.4).

Lemma 2.3. Consider a triple (M,U, H) satisfying the assumptions A1)-A4).
Then M s locally generated, i.e. A(Wg) = M.

Proof. Let x € Wg be fixed and consider the sequence of double cones
O =00 ne =WrN (WL + nx) , n € N. (2.12)

As ¢ € Wpg, this sequence is increasing in the sense that O,, C Op41, n € N.
Moreover, it exhausts all of Wg, i.e. every bounded subset of Wg lies in some

Op. Hence \/,, A(O,) = A(Wg).

3 We write M’ V M(z) to denote the von Neumann algebra generated by M’ and M(z).
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The left vertex of each O, is the origin, and the algebras A(O,,) are according
to the definition (2.3) given by A(O,) = M N M(nz)'.

The split property (2.10) provides us with a unitary V, : H — H ® H im-
plementing an isomorphism between A(01) = M’V M(z) and M’ @ M(z). In
view of (2.11), we find by restriction to M’

VMVE=M®1, (2.13)
and since M(nx) C M(x) (A3), also
Ve A(OR)' V= Vo (M'V M(na)) Vi = M' @ M(nz), neN. (2.14)
We thus obtain

AWg) = [V A©Ow) = Vi () (M & M(na)) Va

neN neN

=V; (M @ () M(n2)) Vi (2.15)

neN

In the last step, we used the commutation theorem for tensor products of von
Neumann algebras (or rather, a consequence thereof, see [62, Cor. IV.5.10]).

Now consider M, := (,, M(nx). By construction, this algebra is stable un-
der translations, U(y) MU (y) ™! C M, y € R%. The same is true for its com-
mutant M’_, which furthermore has {2 as a cyclic vector since it contains M’,
and 2 is cyclic for M’ (A2). But as {2 is (up to multiples) the only translation
invariant vector and the spectrum condition holds (A1), it follows by standard
arguments (cf., for example, [12]) that M. = B(H), i.e. Mo =C- 1.

Inserting this equality into (2.15) yields A(Wg) = V}(M’ ® 1)V,, which in
view of (2.13) equals M'. Hence the claim A(Wg) = M follows. O

To go on, we need another lemma, which is due to Miiger [49, Lemma 2.7].

Lemma 2.4 (Miger). Let (M,U,H) satisfy the assumptions A1)-A4), and
consider three points x,y,z € R? such that y —x € Wg and z —y € Wg. Then
A(Ogy) VAOy.2) = A(Oy.2).

Geometrically speaking, this lemma states that the algebras of two double cones
01, O3 having one of their (left or right) vertices in common generate the algebra
of the smallest double cone containing O; and Os. It thus establishes a relation
between the algebras of double cones of different sizes, and enables us to derive
the Reeh-Schlieder property.

In the following theorem, we give a proof of this property and some related
consequences of Lemma 2.3 and 2.4.

Theorem 2.5. Consider a triple (M, U, H) satisfying A1)-A4) and the local net
O — A(O) defined by (2.3,2.4). Then

a) The Reeh-Schlieder property holds, i.e. {2 is cyclic and separating for each
double cone algebra A(O), O € 0.

b) Haag duality holds, i.e. A(O) = A(O’") for any double cone or wedge O.

c) Weak additivity holds, i.e. for any open region O C R?,

\/ A0 +z) = AR?) = B(H). (2.16)

z€ER?
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Proof. a) Given any two double cones O, 0 € @, there exists n € N and trans-
lations 1, ..., T, € R? such that

OcC (O4z)U..UO0+z,))", (2.17)

and (O + xx), (O + zg41) have one vertex in common, k = 1,....n — 1. So, by
iterated application of Lemma 2.4, it follows that

\ A0 +z)="\/ AO) = AR?). (2.18)

z€R? Oeco

Hence we can use the standard Reeh-Schlieder argument making use of the
spectrum condition of U (cf., for example, [2]) to show that (2 is cyclic for A(O)
if and only if it is cyclic for A(R?). But in view of Lemma 2.3, M = A(Wg)
is contained in A(R?). Since §2 is cyclic for M, it is also cyclic for A(R?), and
hence for A(O).

It has been shown by Borchers [11] that the modular conjugation J of (M, £2)
acts as the total spacetime reflection, JA(O)J = A(—0O). Since Wi, = —Whk,
this implies together with Lemma 2.3 A(Wp) = JMJ = M, i.e. wedge duality
holds. Taking into account the translation covariance of the net, we furthermore
find

A(Ozy) = M(z)' VM(y) = AWL +2)VAWER +y) = AOs,"),  (2.19)

showing the Haag duality of the net (b).
According to the above remarks, A(R?) contains M and M’. Since M is a
factor, also A(R?) = B(H) follows, as the last claim to be proven. O

Besides the properties of the net O — A(O) mentioned in Theorem 2.5, fur-
ther additional features like the split property for double cones, the time slice
property and n-regularity can be derived, as has been shown by Miiger [49].

The strong results of Theorems 2.2 and 2.5 open up a new perspective on the
construction of quantum field theories on two-dimensional Minkowski space,
emphasizing the role of the local observable algebras. Each triple (M, U, H) sat-
isfying the assumptions A1)-A4) gives rise to a net of local algebras, which can
be interpreted as the (non-trivial) observable algebras of a well-defined quantum
field theory satisfying the Reeh-Schlieder property.

Hence model theories can be constructed by finding examples of such triples.
In the following sections, we will construct these objects, verify the assumptions
A1)-A4), and discuss the properties of the corresponding model theories.

3. A Class of Models with Factorizing S-Matrices

We now turn to the concrete construction of interacting quantum field theories
on two-dimensional Minkowski space. For simplicity, we consider here models
containing only a single species of particles* of mass m > 0. We will use the

4 The extension of the program to models with a richer particle spectrum is currently under
investigation.
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rapidity 6 to parametrize the (one-dimensional) upper mass shell according to
p(0) := m(cosh 6, sinh 9).

Our approach is that of inverse scattering theory, i.e. a given S-matrix S is the
input in the construction. The family of theories we will study is characterized
by the condition that S is factorizing. (For an introduction to factorizing S-
matrices, see for example the review [25].) This term derives from the fact that
in a model with a factorizing S-matrix, all scattering amplitudes are products of
delta distributions and a single function [36], the so-called scattering function So.
On rapidity wavefunctions i (61, ...,0,) of n incoming particles, the S-matrix
S therefore acts as a multiplication operator,

(ST (01, ....00) =[] Sal6: = 0kl) - w01, ... ). (3.1)

1<i<k<n

In particular, the particle number is a conserved quantity in collision processes
governed by a factorizing S-matrix. This feature is typical for completely inte-
grable models, which provide a rich class of examples for such scattering opera-
tors [1].

Basic properties of S, like unitarity, crossing symmetry and its analytic prop-
erties, imply corresponding properties of the scattering function Sy [1,25,6],
which we take as a definition. Here and in the following, we write

S(a,b):={¢e€C:a<Im(<b} (3.2)
for strips in the complex plane.

Definition 3.1 (Scattering functions).

A scattering function is a bounded and continuous function Sy : S(0,7) — C
which is analytic in the interior of this strip and satisfies, § € R

S2(0) = So(0) ™! = S5(0 4 im) = So(—6). (3.3)
The set of all scattering functions is denoted S.

A special scattering function is S&¢¢(#) = 1, which belongs to the interaction-
free S-matrix S°¢ = id (3.1). A simple example with non-trivial interaction is
given by the Sinh-Gordon model. By comparison with perturbation theory, the
scattering function of this model is expected to be [3]

Sha,, _ Sinh@ —isinb
5270 = Sho sy (34)

where the parameter b is related to the coupling constant g of the Sinh-Gordon
1

Lagrangian by b = wg?(47 + ¢*)~ L.
Fixing S € S, we now recall the construction of an associated triple (M, U, H)s,
consisting of a Hilbert space H, a representation U of the translations on H, and
a “wedge algebra” M C B(H) of the type studied in Section 2. For details, we
refer the reader to [42,45,55].
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To describe the Hilbert space, we introduce on L?(R") an Sz-dependent rep-
resentation D,, of the group &,, of permutations of n letters. Given p € &,,, we
put

(Dn(p)fn) (917'-'7 ) :Sp(ela"'a )fn( p(l)a---;ep(n))v (35)
SP(Or, s 0n) = [ S2(0p0) — Opiry) - (3.6)
1<I<k<n
p(1)>p(k)

In particular, the transpositions 7;, j = 1,...,n — 1, are represented as

(Dn(’?’j)fn)(el, ceey 9n) = 82(9j+1 — HJ) . fn(t?l, ceey 9j+1, GJ—, ceey Hn) . (37)

Using the properties (3.3) of S, it has been shown in [45] (see also [46,42]) that
D,, is a unitary representation of &,, on L?(R"), and that the mean over D,,,

1
Py = — > Dulp), (3.8)
pe®,

is the orthogonal projection onto the D,,-invariant functions in L?(R™).
With the help of the “Ss-symmetrization” P,,, we define the Hilbert space H
of the model with scattering function Sy as

Ho:=C, Hn=P,L*R"), n>1, H:=PH.. (39

The vectors in H are sequences ¥ = (¥y, V1, ...), ¥, € H,, such that the norm
corresponding to the scalar product (¥, @) := WPy + >0 (W, D) r2(rny is
finite. Due to its invariance under D, (7;) (3.7), a function ¥, € H, has the
symmetry property

Wn(ol, ceny 0j+1a 9]'7 0n) = Sg(oj — 9j+1) . Wn(ol, ceny 9]'7 9j+1a ceny 0n) . (310)

Note that for Sy = 1, this construction yields precisely the Bose Fock space over
‘H;. For generic Sy € S, we refer to H as the Sy-symmetric Fock space.

As a domain for some unbounded operators on H, we also introduce the dense
subspace of terminating sequences (¥, V1, ...,%,,0,0,...), ¥y € Hy, which will
be denoted D. For example, the particle number operator N, (N¥),, := n - ¥,
is well defined on D.

On H, there acts a representation U of the proper Poincaré group® P,.. The
proper orthochronous Poincaré transformations (x, \) € 771 consisting of a boost

with rapidity parameter A € R and a subsequent translation along = € R? are
represented as, ¥ € H,

(U2, &) (61, ....0n —exp< Zp (Or) - > V(0 — A, ... 0, — ), (3.11)

5 Actually, this representation extends to the whole Poincaré group P, but this fact will not
be needed here.
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and the reflection j(x) := —z as

UG)) (01, s 0,) = Ty (G or B1) - (3.12)

For the proof that U is an (anti-) unitary representation of P, on H, see [42].
By inspection of U, it follows that 2 := (1,0,0,...) is up to multiples the only
U-invariant vector in H.

The representation of the translations required in the discussion of the previ-
ous section will be identified with the restriction of U to the translation subgroup,
and we will also employ the shorthand notation U(z) := U(x, 0). Clearly, U sat-
isfies the spectrum condition and is strongly continuous, i.e. assumption Al) of
Section 2 is satisfied.

Having specified the Hilbert space H and the representation U, we now turn
to the construction of the “wedge algebra” M C B(H).

On the Ss-symmetric Fock space, there acts an algebra of creation and an-
nihilation operators zf(1), z(v), 1 € H;. These are unbounded operators, in
general, but always contain D in their domains. They are defined by, ¢ € D,

C )P0 = VP ©Ppn),  2(0):=210)",  YeH. (313

Since z(¢)2 = 0, 2%(1)2 = 9, we call z and z' annihilation and creation
operators, respectively. The following bounds with respect to the particle number
operator N hold [17]:

lz()@|| < LN, [T ()2l < [[9lII(N +1) 2|, PeD. (3.14)

From time to time, we will also work with the distributions z(6), z¥(6), which are
related to the above operators by the formal integrals z# () = [ df1(60)z%(0),

2# = 2,2t These distributions satisfy the relations of the Zamolodchikov-
Faddeev algebra [63,59],

2(91)2(92) = S2(91 - 92) 2(92)2(91), (315&)

2(01)27(02) = Sa(0a — 01) 27(02)2(01) + 6(6; — 62) - 1, (3.15b)

where 1 denotes the identity in B(H). For later reference, we mention here that
in view of the definition (3.13), there holds in particular

(Z10)) - 21(0,)02, O) = V0w, (6y,...,0,), TeH. (3.16)

Following Schroer [55,56,58], the Zamolodchikov operators can be combined
to define a quantum field ¢. For Schwartz test functions f € . (R?), we put

o= ) O = 5 [ R @O
This field has a number of interesting properties [42]. To begin with, it trans-
forms covariantly under the adjoint action of the proper orthochronous Poincaré
transformations U(z, A), and it has the Reeh-Schlieder property. Moreover, ¢
is a solution of the Klein-Gordon equation since it creates single particle states
from the vacuum. Convenient mathematical properties of ¢(f) are its essential
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self-adjointness for real f, and the fact that f — ¢(f)¥, ¥ € D, is a vector
valued tempered distribution.

As is familiar from free field theory, ¢ has well-defined time zero fields ¢, m,
which are given by

o(f) = 21(f) +2(f-), f(8) := f(msinh6), (3.18a)
w(f) =i(zM(wf) = 2(wf-)), F(0) == f(-9). (3.18h)

Here the single particle Hamiltonian w = m cosh # acts as a multiplication oper-
ator on its domain in H;.

However, as a consequence of the commutation relations (3.15), ¢ is not local,
in general. Locality holds if and only if S; = 1, and in this case ¢ coincides with
the free scalar field of mass m.

For generic scattering function Se € S, it was discovered by Schroer [55]
that although ¢ is not strictly local, it is not completely delocalized either. The
localization properties of ¢ are most easily understood by introducing a second
field operator ¢ [42],

¢(f) =UDe(fUG),  Fla):=f(-2). (3.19)

The two fields ¢, ¢’ are relatively wedge-local in the following sense: For (real)
test functions f,g with supp f € Wy, suppg C Wk, the selfadjoint closures
of ¢(f) an ¢/(g) commute, ie. [¢?(f) ¢ (9)] = 0. Therefore ¢(x) can be con-
sistently interpreted as being localized in the left wedge Wy, + z, and ¢'(y) is
localized in the right wedge Wg + y.

Switching to the algebraic formulation, we consider the

‘wedge algebra”
M= {e?U) 1 fe W)} = {¥D . fe sWn)}". (3.20)

Here the first equality defines M, and the second is a result of [17].
For f € #(R?) with supp f C W, the field operator ¢(f) satisfies [42]

(7, [o(f),A]®) =0, AeM, ¥, QeD. (3.21)
Analogously, on can show that for testfunctions h € .(R), supph C R_,
W, [o(h), A]®) =0, (@, [x(h),A]®)=0 AeM,¥,deD. (3.22)

The definition of M completes the data (M,U, H)g,. The assumptions A2)
and A3), regarding the cyclicity and separating property of {2 for M, and the
isotony of this algebra under translations inside Wg, can be deduced from the
Reeh-Schlieder property and the translation covariance of ¢ and ¢’ [42,45]. We
note down these facts as a theorem.

Theorem 3.2. [42] Let Sy € S. Then the triple (M,U,H)s, defined through
(3.9), (3.11) and (3.20) satisfies the assumptions A1)-A8) of Section 2.

With A1)-A3) fulfilled, we can apply the construction of Section 2 to define a
net O — A(O) of local observable algebras on R?. As discussed there, the crucial
question in this context is whether also the modular nuclearity condition A4)
holds. If it holds, the existence of observables, the Reeh-Schlieder property, and,
as we shall see in Section 6, the anticipated form (3.1) of the S-matrix follow.
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If, on the other hand, condition A4) fails, the status of all these important
properties is unclear. It is thus doubtful if the inverse scattering problem has a
solution, i.e. if there exists a local quantum theory with the considered S-matrix,
in that case.

It has been shown in [17] and [43] that the modular nuclearity condition is
satisfied for the constant scattering functions S; = 1 and Sy = —1, respectively.
In the following, we will analyze this condition for the class of models with
regular scattering functions, defined below.

Definition 3.3 (Regular scattering functions).

A scattering function So € S is called regular if there exists k > 0 such that Sy
continues to a bounded analytic function on the strip S(—k, 7+k). Denoting K the
majimal value of K compatible with this condition, we define k(S2) := min{F, K}
an

182 = sup {|S2(¢)] : ¢ € S(=r(S2), 7+ K(S2))} < 0. (3.23)
The family of all regular scattering functions is denoted Sg.

The two regularity assumptions made in this definition can be understood as
follows. As a consequence of the relations So(—6) = So(0)~! = Sa(6 +in) (3.3),
So can be continued to a meromorphic function on all of C. A pole ¢ in the
“unphysical sheet” —m < Im({ < 0 is usually interpreted as evidence for an
unstable particle with a finite lifetime [27], and the lifetime of such a resonance
becomes arbitrarily long if the corresponding pole lies sufficiently close to the real
axis. A scattering function with a sequence of poles in S(—m,0) which approach
the real axis might therefore have infinitely many almost stable resonances with
“masses” such that the thermodynamical partition function diverges.

But the modular nuclearity condition is closely related [16] to the thermo-
dynamically motivated energy nuclearity condition of Buchholz and Wichmann
[21], and the latter condition might well be violated for the previously described
distribution of resonances. We therefore expect the modular nuclearity condition
to fail in this situation (although there might still exist local observables). To
exclude such models, we require all singularities of a regular scattering function
Ss to lie a finite distance off the real axis, i.e. Sy to continue analytically to a
strip of the form S(—k, 7 + k), £ > 0.

The second requirement, postulating S5 to stay bounded also on the enlarged
strip, amounts to a condition on the phase shift of Sy (cf. [40] for a similar as-
sumption).

All scattering functions known from Lagrangian models, like the Sinh-Gordon
model, satisfy the regularity assumptions of Definition 3.3. Particular examples
for So € §p are

N

sinh 3 — sinh 6
0) =+ _— I | 24
52(0) gsinhﬁkJrsinho’ 0 <ImBy,...Imfy <, (3.24)

where with each (34, also —34 is required to be included in the set {3, ..., Bn}.
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In the following, it is our aim to prove the modular nuclearity condition A4)
for the models with scattering functions S5 € Sy, i.e. to show that the maps

E@) M-H, S(x)A = AY4U(2) AR, x € Whg, (3.25)

are nuclear maps between the Banach spaces (M, || - ||3¢)) and (H, || - ||).

This task is facilitated by the fact that in the models at hand, the modular
data J, A of (M, 2) are known to act geometrically “correct”, i.e. as expected
from the Bisognano-Wichmann theorem [8,9]. More precisely, the modular con-
jugation coincides with the TCP operator, J = U(j) (3.12), and the modular
unitaries are given by the boost transformations A* = U(0, —2xt) [17]. In par-
ticular, AY4U(z) commutes with the projection P, onto H, (3.8), such that
the n-particle restrictions =, (z) of =(x) take the form

Sa(x) M —=H,,  Eu(x)A:=P,5(x)A=AYU@)(AR),.  (3.26)

We now consider a purely spatial translation = = (0, s) =: s, s > 0, and write
Zn(s) instead of =, (s). The notation s = (0,s) will be used throughout the
following sections, and the parameter s > 0 will be referred to as the splitting
distance.

As A'Y* acts as the boost with imaginary rapidity parameter %T,
ip(6—2)-(0,5) = —mscosh6, the maps =, (s) are explicitly given by, A € M,

and since

n

(Zn(s)A),, (01, ....00) = [[ e 0 - (AD)p (02 — Z,.... 0, — F). (3.27)
k=1

The right hand side has to be understood in terms of analytic continuation, and
suggests to study the analytic properties of (A{2),, for the proof of the nuclearity
condition. This is done in the subsequent Section 4. In Section 5, the nuclearity
of the maps (3.27) will then be established.

4. Analytic Properties of Wedge-Local Form Factors

In this section, we consider a regular scattering function Sy € Sy and a fixed
operator A in the associated wedge algebra M (3.20). We will study analyticity
and boundedness properties of the n-particle rapidity functions (Af2),, = P, A{2.
These functions are precisely the form factors of A (3.16),

(A2)n (01, 0p) = \/—%<zT(91) o 21(0,)02, AQ) . (4.1)

Our notation will be as follows. Vectors in R” and C™ are denoted by boldface
letters A, 0, ¢, and their components by A, 0, (k. As multidimensional gener-
alizations of the strip regions S(a,b) (3.2), we will consider tubes of the form
T := R" 4+ iC C C", where the base C is an open convex domain in R". For
functions F': 7 — C, we introduce the notation Fx(0) := F(6 +iX), A € C.

The main result of the present section is Proposition 4.4, stating that (Af2),,
is the boundary value of a function analytic in some tube in C", and that this
function is bounded on R™ + i C, where C C R" is a neighborhood of the point

(=%,...,—%) corresponding to the action of the modular operator in (3.27).
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Lemma 4.1. Let A € M, n1,ne € No, ¥,,, € Hy,, Pn, € Hn,. There exists a

function K : S(—m,0) — C which is analytic in the interior of this strip and
whose boundary values satisfy, 6 € R,

K(@) = <!pn17 [2(9)7 A] ¢n2>7 K(9 - iﬂ—) = _<!pn17 [ZT(H)v A] @n2> ) (4'2)

in the sense of distributions. Moreover, with c¢(ny,n2) := y/n1 +1+ v/na +1,
there holds the bound

1/2
(/ d9|K<9—M>|2) < e(m,m) [T || @l Al,  O<A<m. (43)

Proof. Consider the distributions K# : .7 (R) — C,

K#(f) = <![/n17 [Z#(f)vA] ¢n2>7 7 = ZvZT' (4'4)

In view of the bounds (3.14), there holds

()] < 12 (P, [ A | + 1A T, []12(F) s | (4.5)
< (Vi + T+ /i) [ @, |as AL - £ (4.6)
[KT()] < (Vin + Vg + 1) [, [[1n: 1AL 171 (4.7)

By application of Riesz’ Lemma, it follows that both distributions, K and KT, are
given by integration against functions in L?(R) (denoted by the same symbols)
with norms

IE# |2 < e, n2)|[ @, | [ @0, [[|A]l - (4.8)

To obtain the analytic continuation of K, we consider the time zero fields ¢, 7
of ¢ (3.18), and the corresponding expectation values ky : #(R) — C,

k- (f) = <!pn17 [gp(f), A] @n2> ) k.:,_(f) = <!pn17 [W(f)v A] ¢n2> . (4'9)

As a consequence of the localization of ¢ in the left wedge and A in the right
wedge, k4 (f) vanishes for test functions with support on the left half line R_
(3.22). Hence the Fourier transforms of k4 are the boundary values of functions

P ki (p) analytic in the lower half plane, which satisfy polynomial bounds at
the boundary and at infinity [52, Thm. IX.16].
Since sinh(-) maps S(—m,0) to the lower half plane, the functions

K. () :=ky(msinh@),  K_(#):=mcoshf-k_(msinhf), (4.10)

are analytic in the strip S(—m,0). The relation between K4 and K# is found
by expressing z# in terms of the time zero fields ¢,  of ¢ (3.18),

A(f) = 3lo(f) —im( ), J6) = Fmsinhe),  (a.11)

() = 3elf) +in ™ f), @ =f-e).  (@12)
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For the annihilation operator this yields, f € #(R),

- 1

[ 0K O170) = [P A = 5= (f) + ik 12)

= % <k iky (pzlz > f(p)
= [ - 0) + iK0) f6).

Similarly, one obtains for the creation operator

[aoxiofo) =3 [ ao (5 (-6) - ixc,(-0) f).

It follows from these equations that the boundary values of K1 exist as square
integrable functions, and we have the identities
1 . 1 )

KO) = (K- (0) +iK.0),  K'(0) = 5(K_(-0) ~iK,(~0) . (413)
Hence K is analytic in S(0,7), too, and since K4 (6§ —im) = £ K1 (—0) holds for
6 € R (4.10), also the claimed relation K (0 —in) = —K1(6) (4.2) follows.

It remains to prove the L2?-bound (4.3). Consider the “shifted” function
K(S)(C) .— g—ims sinh( K(C)u s> 0,

’K(j))\(a)’ _ %e—mssin)\ cosh 6 ’K_(g —Z/\) +2K+(9 —2/\)} . (414)

As 0 — K4 (0—i)) are bounded by polynomials in cosh 6 for [§] — 00,0 < A <,
we have K(_s;\ € L%(R) for all A € [0, 7], s > 0. In view of the previous estimates

(4.8) on the L%-norms of the boundary values of K, the three lines theorem can
be applied and we conclude

IES)l2 < e(ny,no) |, 1€ l[I1All,  0<A<7. (4.15)

But as (4.14) is monotonically increasing as s — 0, this uniform bound holds
also for K_, = K(PA), 0<Ax<mw O

Lemma 4.1 is our basic tool for deriving analytic properties of the functions
(A£2),,. In the following, we study matrix elements of the form

(T (Org1) - 27 (00)02, AZT(By) - 27(61)02),

with certain contractions between the rapidity variables 01, ...,0, in the left
and 04, ..., 0 in the right argument of the scalar product.

Some notation needs to be introduced. Given two integers 0 < k < n, we
define a contraction C to be a set of pairs, C = {(l1,71),..., (In,7N)}, with
pairwise different “left indices” li,....,Ixn € {k+ 1,...,n} and “right indices”
r1,...7n € {1,...,k}. The set of all such contractions is denoted %, 5. The
number N of pairs (I;,7;) in a given C' € %, 1, will be called the length of C,
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and notated as |C] := N < min{k,n — k}. We also write l¢ := {l1,...,In} and
rc = {ry,...,rn} for the sets of left and right indices of the contraction C.
With these notations, a contracted matrix element of A is defined as

o~ —— o~ ——

(Ic|Alrehng == (zZH . --z;fl . --ZIT‘C‘ 2l A2 ---zi‘c‘ ~210), (4.16)

where 2 := 27(6,) is considered as an operator-valued distribution in 6, and
the hats indicate omission of the corresponding creation operators. Given the
particle number bounds (3.14) and the boundedness of A, we can apply the
nuclear theorem to conclude that these contracted matrix elements are well-
defined tempered distributions on .7 (R*~2I¢l).

For square-integrable functions Fy, € L*(R"*~I¢) and Fp € L2(RFIC)
depending on {011, ..., O \{01;, .-, 0, } and {01, ..., O \{Or, ..., O }, TESDEC-
tively, there hold the bounds (cf. (3.16))

(L] Alro)n s (FL ® Fr)| < V/(n—k —[C)'W/ (k= [CDHIFL | Frl|All - (4.17)
Employing the shorthand notations d;, := 6(6; — 6,) and

g®) ._ [ Sha ;i a<k<borb<k<a
ab " ) Sgp ; otherwise

Sap = S2(0a — 0b), . (4.18)

we associate with each contraction C' = {(I1,71), ..., ([jc|,7|c|)} € @n,k the fol-
lowing distribution d¢ and function S’gC ).

|C] icl -1
k k
=V Lo, s =10 I sl - I1 sin @19)
j=1 j=1lmj=r;+1 7y <Tj

1;<1;

In the following, the main objects of interest are the completely contracted matrix
elements of A, defined as

Ayori= Y do el Alrc)n (4.20)

CECn .k

The product dc¢ - Sgc) - (lc| A|rc)nk is defined in the sense of distributions.
Note that the product of ¢ and (l¢| A|rc)nk is well-defined because these
distributions act on different variables. Since Sy € Sy can be continued to a
bounded analytic function on a strip containing the real axis (cf. Definition 3.3),

the functions S’gC ) are smooth, and all their derivatives are bounded on R™.
Hence (4.20) exists as a tempered distribution on . (R™).
To discuss the analytic properties of (A)ff‘,;, it is convenient to represent this

distribution by two alternative formulae, stated below.

Lemma 4.2. Let (fnk C Gn,i denote the subset of those contractions C € 6, i,
which do not contract k+ 1, i.e. fulfill k+1 ¢ lc. Then

ZOE = Z 6@5 (Ic U{k+ 1} [2kt1, A] [P C)nk » (4.21)
Ce‘ro”n,k
(A, = 3 eSS e ULk + 1 [A, 2] Ire)n - (4.22)

CG%nyk
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The proof of Lemma 4.2 is based on the exchange relations of the Zamolodchikov-
Faddeev algebra (3.15); it can be found in the appendix.

The analyticity and boundedness properties of the contracted matrix elements
(A)soh are explained in the following lemma.

Lemma 4.3. In a model with scattering function So € Sy, let A € M.

a) (A);°k has an analytic continuation in the variable Oy11 to the strip S(—m,0),
k <n—1. Its distributional boundary value at Im6;,1 = —7 is given by

<A>con(91, veey 9k+1 — ’Lﬂ', ceey Hn) = <A>%?E+1(91, ceey 9k+17 ceey Hn) . (423)
b) There holds the bound, f1,...,fn € S (R), 0 <\ <,

/dn0<A>;<j;;(el,..,ek+1 —id e 00) [ 65| < 2VAl A T 1l (4:24)
=1 =1

Proof. a) Consider the distribution (A)5°}, expressed as in (4.21). As k+1 is not
contracted in C € %”An -k, the delta distribution ¢ does not depend on Oy41. The

n (4.19) because
= Sp; k+1 has an

function Sé depends on 641 only viam; =k+1in Smj .
li,rj # k+ 1. Since S is analytic in S(0, 7), the factor S/(H-)l -
analytic continuation in 01 to the strip S(—m,0), with the crossing—symmetric

boundary value S5(6,, — (G141 — i) = Sa(Bkr1 — 0y,) = S5 By — 6,).
All other factors in Sék) are of the form S((l]fg , a,b# k+ 1, and therefore satisfy
S®) = SED . Thus Gy — S(8), with 61, ..., 0k, Op2, ... € R fixed, can

be analytlcally continued to S(—m,0), with boundary value Sgﬁl) at R —im
According to Lemma 4.1, also (Ic U {k + 1}| [zk+1, A] [rc)n,k has an analytic

continuation in 041 € S(—m,0), and its boundary value at Im 01 = —7 is
obtained by exchanging [zp4+1, A] with [A,z}; 41]- Hence (A)7°} has an analytic
continuation to the strip S(—m,0), and its boundary value at Im 01 = —7 is

(in the sense of distributions)

(AR, oy Or — im0 0) = > 0eSET e ULk + 1} [A 2l )] Ire)n
Ce‘rfn,k

Taking into account the formula (4.22) for (4);°, this shows that the boundary
value of (A);°h at Im 041 = —m is (A)770, ;.

b) Let C € %y and put 0, := (6,,, ey Or ). Inthe product Sgc) (4.19), at
least one of the two variables 6,, 0, of each factor S, is contracted, i.e. either
a €lcUrc orb € lcUrc. After the multiplication with d¢, the variables 6;; and

0, are identified. We can therefore split 50Sék) into a product of three factors,

3cS%) = 6cSESMSE, where SL depends on {friz, ..., 00 P\ {01y, . 00, } and

0., and S& depends on {6y,...,60;}. Only S¥ = [T/ S, 141 depends on O
For fi,..., fn € L (R), let

FE =S5 (frr2® @ f1, © . ® fro) @ . @ fa) (4.25)

Fl =88 (i ® e ®fr ©® fro,®..® f1), (4.26)
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where the hats indicate omission of the corresponding factors. FGLT and FQRT are
considered as functions of the n—k—1—|C| variables {0k12, ..., 0 }\{01;, -, 01, }
and the k — |C| variables {01, ..., 0k }\{0,, ..., 01 ., }, respectively, and the depen-
dence of these functions on 6, € RICl is treated as a parameter. In view of
|S2(0)] = 1, 6 € R, the L?>norms of FL/R

1E5, =TI Ifillz,  IEGlI = H Ifillz, 6, €RIC (4.27)
e jéro

Let

(AYON(f: Bpsn) = / (AYSOR (01, oy Oyt s O) [ 5(05) ;-

After analytic continuation in 0x11, and after carrying out the integration over
the delta distributions in (4.21), we find

[C|
(AR (Fi 01— = 3 (~1)€ / 410, 15, Os1) [ fi, (00, (01,
CEGn i Jj=1
|C|
I§, \(Ors1) = HS2 vy = Opp1 +iX) X

x (Lo U{k + 1} [2(0k41 — iN), Al [rc)n e (Fg, @ Fal).

Putting the bounds [S2(¢)| < 1, ¢ € S(0,7), (4.3), (4.17) and (4.27) together,
we arrive at, 0 < A\ <,

/d9k+1fk+1(9k+1)focr,x(9k+1) <Ak H I £5ll2 - I Al , (4.28)

R Jj#lcUrce
2v/n!
1= (V=R =10+ VE=TOTHT) i =k = T= 0N = 0T < -

The given estimate on %?, i follows from the inequality a!b! < (a + b)!. From
(4.28) we conclude

[t e e A28 b - )] <29 5 LTSl (029)

Ce‘ro”n k

It remains the combinatorial problem to find a bound on the sum over %”Ank
Note that the number of all contractions C' € %, with fixed length |C] = N is

N '( )("3@71), since each such contraction is given by two N-element subsets
{rl,.. rv} € {1,..,k} and {l1,...,In} C {k+ 2,...,n}, and a permutation of
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{1,..., N} to determine which element of {l1,...,ix} is contracted with which
element of {ry,...,ry}. Using |C| < min{k,n — k — 1}, we find

min{k,n—k—1}

DRI DU (9 [y

CG%”HJC N=0
k n—k—1

k n—k—1 ne1l

x> (V) )

In combination with (4.29), this implies the desired bound (4.24). O

The analyticity and boundedness properties of the contracted matrix elements
<A)fl°}; imply corresponding properties of the n-particle form factors (Af2),. In
order not to overburden our notation, we will denote the analytic continuation
of (A2),, by the same symbol. In the following, more specific information on the
underlying regular scattering function is needed. We will exploit the fact that
each Sy € Sy can be continued to the enlarged strip S(—x(S2), 7+ £(S2)), and is
bounded by [|.S2|| < 0o on this domain. Also recall that x(S2) < 5 by definition.
The regions which are relevant in this context are, x > 0,

Ay ={AER” :m> A1 >Xa>...> )\, >0} . (4.30)
B(k) ::{)\ER” S0 <AL, Ay < )\k—/\l</£,1§l<k§n}, (4.31)
T T K K

Y= (-3.=2) s Calw)i= (—5,5)” . (4.32)

Note that C, (k) + Ao C Byp(k) (cf. figure 4.1 for the case n = 2). The tubes
based on these sets are denoted

T, =R"—iA,, (4.33)
To(k) :==R" +i(Xo + Cn(K)) . (4.34)
Im ¢z Im (2
Im ¢y Im ¢4
—As —B2(k) k
A Mo + da®)|
g ’.)\0 chi Cz(n)
K

Fig. 4.1. The two-dimensional bases —Aj (triangle on the left), —B2(k) (pentagon on the
right) and Ao + C2(k) (square on the right), inscribed in the square [—, 0] x [—,0].
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Proposition 4.4 (Analyticity and boundedness properties of (Af2),).
In a model with reqular scattering function, let A € M.

a) (Af2),, is analytic in the tube R™ — iBB,(k(S2)).
b) Let 0 < k < k(S2). There holds the bound,

|<Arz>n<c>|s<§ﬁ'(§7§)”_ﬁ> JAL CeTn). (439)

Proof. a) Let f € .#(R™). As the first statement to be proven, we claim that
the convolution (61, ...,0k) — ((A02), * £)(01,...,0,), considered as a function
of 01,...,0,, with O 1,...,0, € R fixed, is analytic in the tube R* — i/, and
continuous on its closure. Our proof is based on induction in k € {1,...,n}.

For k = 1, note that (A£2), = (4)<°8 /v/nl, since %o contains only the empty
contraction (4.20). But according to Lemma 4.3 a), (4);°5 is the boundary value
of a function analytic in S(—m,0) = R! —iA;. Thus the claim for k = 1 follows.

So assume analyticity of (01, ...,0x) — ((A82), * F) (01, ...,0,) in R¥ —iAy. In
view of Lemma 4.3 a), the boundary value at Im#; = ... = Im 6, = —7 is given
by <A>$I°E*f/\/m, which in turn has an analytic continuation in 8541 € S(—m,0).
By application of the Malgrange Zerner (“flat tube”) theorem (cf., for example,
[29]), it follows that (Af2),* f, considered as a function of the first k+1 variables,
has an analytic continuation to the convex closure of the set

RFFY — 4 ({(My s Ay 0) + (A1, M) € AR UL{(m, ooy T, A1) 0 T > N > 0})

which coincides with R¥*! — A, ;. Hence our claim follows. Since f was arbi-
trary, we conclude that (Af2),, is the boundary value in the sense of distributions
of a function (denoted by the same symbol) analytic in 7,, = R™ —iA,, (4.30).

Now let &, denote the group of permutations of n objects and consider the
“permuted form factors”

(A0 (0) == (A2)n(0p(1ys - Op(n)) 5 peES,,
which are analytic in the “permuted tubes” 7, := R™ —iA? ,
AL = {XNER" 1 > A1) > .. > Ap(n) > 0}
Recall that (Af2),, € H, is invariant under the representation D,, of &, (3.5),

(A2),.(0) = (Dn(p)(AL2)5)(8) = 57(0) - (AQ)7(9), (4.36)
I S200,0)—0p) - (4.37)
KD

As Sy € §p is analytic in S( K(Sg) m+ k(S2)), all the functions S?, p € &,,, are
analytic in the tube R™ + i B],(x(S2)) with base

B, (£(S2)) = {XNER" : —k(S2) <A — N <m+k(S), 1<I<k<n}.
(

Hence the right hand side of (4.36) can be analytically continued to the tube
based on B, (x(S2)) N (—A~L). But the left hand side of (4.36) is analytic in
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R™ — iA,, and both sides converge in the sense of distributions to the same
boundary values on R™. So we may apply Epstein’s generalization of the Edge
of the Wedge Theorem [28] to conclude that (Af2), has an analytic continuation
to the tube whose base is the convex closure of

U By, (k(S2)) N (=A%)
pe®,,

Since the convex closure of [ J, A, is the cube (0,7)*", it follows that (Af2),
is analytic in the tube based on (—m,0)*™ N B],(k(S2)) = —B,(k(S2)), and the
proof of part a) is finished.

b) We first derive an estimate on |S?(¢)| (4.37), ¢ € Tn(k(Sz2)). Clearly, S?
is bounded on 7, (x(S2)), because each factor Sa((,i) — Cpxy) is bounded. By
the multidimensional analogue of the three lines theorem [10], the supremum of
S? over this tube is attained on a subspace of the form R™ 4+ i\g + i&, where &
is a vertex of C,,(k(S2)), i.e.

1571 < sup [ 1920050 — Opiy + iy — Loy s € € Tu(k(S2)).

OER™ | 1 k<n
P> pk)
Since & is a vertex of C,(x(S2)), there holds &,y — &) € {0, K(S2), —K(S2)}-
We have

sup [S2(0)] =1, sup[S2(0 +in(Se))| <1, sup[Sy(6 —ir(S2))] < [ S2|-
0cR 0cR 0cR

As at most (n—1) of the differences &,y —§,(x) can equal —£(S>) simultaneously,
and since ||Sz|| > 1, we conclude

ISP < 1SelI" 7 < 182", € € Ta(k(S2)). (4.38)

Now let f1,..., fn € Z(R) and put f := f1 ® ... ® f,,. Lemma 4.3 b) implies
that at points @ — i\ € 7,, with XA = (7, ..., T, A\gy1,0,...,0), 0 < A\pyy < 7, there
holds the bound

((A2)5  £)(0 —iX)| < 2" A]l T]IIf5llz- (4.39)

Jj=1

By a standard argument (cf., for example [44, Lemma A.2]), this bound can

be seen to hold for arbitrary A € A,. Moreover, taking into account the Sa-
symmetry of (Af2), (4.36) and the bound (4.39), we find

((A2)0 + HQ < IS AN TT ISz ¢ € Talw(S2),  (4.40)

Jj=1

and this inequality extends to fi, ..., fn € L%(R) by continuity.

To proceed to the desired bound (4.35), we fix arbitrary 8 € R™, A €
Ao + Cp(k), and 0 < Kk < K(S2), put 8 —iA =: ¢ € T,(k), and consider the disc
2,(C) C Cof radius r := 1 (k(S2)— k) and center (. For this value of the radius,
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the polydisc Z,(¢1) X ... X 2,((y) is contained in 7, (k(S2)). Denoting the char-
acteristic function of the interval [—r(\,), 7(A},)], with 7(X}) := /r2 — (\},)?, by
X, we can use the mean value property for analytic functions as follows.

(AD)n(C) = (r2)~" / d0,dN, - - - / 40, AN, (AD2)n (6 +iN)

2r(C1) Dr(Cn)
r(AD) r(AL)
— (mr2)" / Y / 4o, - -- / do, (A2) (6 + 60" —ix+iX)
[=rr]xm —r(Ay) —r(AL)
= (7T7"2)7n / DN ((AQ)n * (XXI ®...Q X)\;l)) (0 — A+ Z)\/) .
[7T,T‘]X"

Since @ — i\ + i\ € 7,,(k(S2)), we can apply the estimate (4.40). Taking into
account [|x [l2 = /27(\},) < V2r and r = (k(S2) — k), we get

7TT2 N (9p)n n . ,r,n/2: § ”52” )n
[(AL)n (O] < (mr®) ™" - (2r)" (2| S2 )" (Al - (2r) (wim [ All-

Since ¢ € 7, (k) was arbitrary, the proof is finished. O

5. Proof of the Nuclearity Condition

With the help of the results of the previous section, we can now proceed to the
proof of the modular nuclearity condition. We begin by recalling the definition
of a nuclear map [38,51].

Definition 5.1 (Nuclear maps). Let X and Y be two Banach spaces. A linear
map T : X — Y is said to be nuclear if there exists a sequence of vectors
{Ur}r C Y and a sequence of linear functionals {ni}tr C X such that, X € X,

T(X) =Y m(X) W, > lmllallly < oo (5.1)
k=1 k=1

The nuclear norm of such a mapping is defined as

oo
171 := inf > el 1Ly (5.2)
et
where the infimum is taken over all sequences {Wi}r C Y, {nk}r C Xi complying
with the above conditions.

The sets of all bounded respectively nuclear maps between X and ) will be de-
noted B(X,Y) and N(X,Y), respectively. We will use the following well-known
facts about nuclear maps, mostly without further mentioning.
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Lemma 5.2 (Properties of nuclear maps).
Let X, X,Y, Y1 be Banach spaces.

CL) Let A; € B(X,Xl), T EN(Xl,yl), Ay € B(yl,y) Then AT A, € N(X,JJ),
and

[ AT Ax [ < (| A2l - [|T[]x - [| Al - (5:3)
b) (N(X, ), - l1) is a Banach space.
¢) Let H be a separable Hilbert space. Then N (H,H) coincides with the set of
trace class operators on H, and
1Tl =Tx|T|,  TeNMHH). (5.4)
For a proof of this lemma, see for example [38].

We also have to recall the notion of Hardy spaces on tubes.

Definition 5.3 (Hardy spaces on tube domains).

Let C C R™ be open. The Hardy space H*(T) on the tube T = R™ +iC is the
space of all analytic functions F : T — C for which Fx is an element of L?(R™)
for each A € C, and which have finite Hardy norm

1/2
IE|| := sup || Fxll2 = sup (/ d"0|F(0 + i)\)|2) < 00. (5.5)
AEC AEC R™

(H?(T),| - |) is a Banach space [60].
As in the preceding section, we choose  in 0 < k < £(S52) < 7, and consider
the tube

Tolw) = o +iCale),  Aoi=—(5,..2) cn(ﬁ);z(—g,g)m.

Having set up our notation, we now turn to the analysis of the properties of the
concrete mappings =, (s) (3.27) appearing in the modular nuclearity condition,

Zn(s): M — H,, C L*(R™), s>0,

(En(s)A), (01,....,0,) = H e meeosh O (AD), (01 — 2.0, —Z),  (5.6)
k=1

We decompose =, (s) as depicted in the following diagram:

M
Yn(s, k) \b/&/
H?*(T,(k)) m L*(R™)

The two maps X, (s, k) : M — H?(T,(k)) and A, (s, k) : H*(7,(x)) — L*(R"™)
appearing here are defined as
Zn(s,k)A = (A(38))n,  5:=(0,5), (5.7)
(An(s,K)F)() i= J[ 5 0 (6 + i) (5.8)
k=1
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In view of (5.6), the above diagram commutes, i.e. there holds
En(8)A = A,(s, k) Xn(s,k)A, AeM. (5.9)
Yn(s, k) and A, (s, k) are investigated in the following two Lemmas.

Lemma 5.4. Let S; € Sy and 0 < k < k(S2). The map X, (s,k), s > 0, is a
bounded operator between the Banach spaces (M, ||-||ga)) and (H*(Tn (), || -]])-
Its operator norm satisfies

[ Zn(s, k)] < o(s, k)" (5.10)

For fized k, the function s — o(s, k) is monotonously decreasing, with the limits
o(s,k) — 0 for s — o0 and o(s, k) — oo for s — 0.

Proof. Given the translation invariance of 2 and the form of U (3.11), we have
(Zn(s,K)A)(C) = (A(35)2)n () = un,s(C) - (A2)n(C)
tns(Q) = [ e s
k=1

Since uy, s is entire, the analyticity of (Af2), (Proposition 4.4) carries over to
Yn (s, k)A. Moreover, it follows from a straightforward calculation that wy s is
an element of H%(7,(k)), with Hardy norm

n/2
|||un,s"| _ (/ df e~ cosk cosh9> , (511)
R

and this integral converges since s > 0 and 0 < x < 3.
In view of the uniform bound (4.35) on (A£2),(¢), ¢ € 7,,(k), it follows that
also uy, s - (Af2), lies in the Hardy space H?(7,,(k)), with norm bounded by

120 (s, 5)A| 8  [|S: (/ _ ~ ~h0)1/2 !
< _ . d9 ms COS K COS. . 512
RGN ETY A (5.12)

The claimed behaviour of | X, (s, )| with respect to s can be directly read off
from this formula. O

Lemma 5.5. Let s > 0, k > 0, and A, (s, k) be defined as in (5.8).

a) A (s, k) is a nuclear map between the Banach spaces (H?*(T,(k)),| - |I) and
(L2(R™), ] - [|2)-
b) Let T ,; be the integral operator on L*(R,df) with kernel

67% cosh 6

Tl = =gy

(5.13)

T, . is of trace class, and there holds the bound

[An(s, m)lln < ITs,lli" < o0 (5.14)
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Proof. Let F € H*(7,,(k)), and pick @ € R™ and a polydisc Z,,(0+1iX) C T, (k)
with center 8 + iX\g. By virtue of Cauchy’s integral formula, we can represent
F(0 +1iXo) as a contour integral over 2,(0 + iXy),

1 dncl F(C/)

i) RO
P (64i0) kal( k 2 )

F(O +iXg) =

(5.15)

As a consequence of the mean value property, the Hardy space function F' is
uniformly bounded on the subtubes 7, (k") C T,(k), ¥ < k (cf. the line of
argument at the end of the proof of Proposition 4.4 b)).

Moreover, F' € H?(7,(k)) can be continued to the boundary of 7, (k) as
follows: The map C,, (k) 3 A — Fx € L?(R") extends continuously (in the norm
topology of L?(R™)) to the closed cube Ao 4 [—%, §]*™ [60, Ch. III, Cor. 2.9].

Taking advantage of these two properties of F, we can deform the contour
of integration in (5.15) to the boundary of 7,(x). After multiplication with the

exponential factor (5.8) we arrive at

5% cosh 0,

1 nske’
An(s,K)F)(0) = —— P | [ SN
(An(s,k)F)(0) (27”)”;/” kl;[l%_ek_w xo—5e(6)

2

where the summation runs over € = (g1, ...,&,), €1,...,&n, = £1. Expressed in
terms of the integral operator 7 ,, this equation reads

Ap(s,k)F=27" Zsl o en(Tsen @ ® TS7;;-7L,€)F>\()_%E . (5.16)
>

The integral operators T 1, are of trace class on L?(R), as can be shown by a
standard argument [53, Thm. XI.21]. Hence Ts ¢, ® ... ® T, Is a trace class
operator on L2(R"), for any €1, ...,e, = £1. Note that since T, and T, _, are
related by CT; ,C* = —Ts _y, (Cf)(0) := f(—0), they have the same nuclear
norm. Hence [|Ts 15 @ ... ® T, xll1 = | Ts,xllT-

Moreover, it follows from the L?-convergence of F to its boundary values that
the maps F' — Fx,_z. are bounded as operators from H?(7,(x)) to L*(R")
for any e, with norm not exceeding one. According to Lemma 5.2, this implies
the nuclearity of A, (s, k) (5.16). Since the sum in (5.16) runs over 2" terms, we
also obtain the claimed bound || A, (s, k)||1 < [|Tsxl|T. O

Lemma 5.5 implies our first nuclearity result for the maps Z(s) (3.25).

Theorem 5.6 (Nuclearity for sufficiently large splitting distances).
In each model theory with reqular scattering function, there exists a splitting
distance smin < 00 such that Z(s) is nuclear for all s > Smin.

Hence in these models, for each double cone Oqup = (Wr +a) N (W +b)
with b —a € Wg and —(b — a)? > 52 the corresponding observable algebra

min?’

A(Oqp) = M(a) N M(D) (2.3) has 2 as a cyclic vector.

Proof. Let x € (0,k(S2)). We have =, (s) = A, (s, k)X (s, k), and in view of the
previously established results, =, (s) is nuclear, with nuclear norm bounded by
(5.10, 5.14),

1En(s)l < [ Zn(s, m)1 - [1An(s, k)l < (0(s,5) - [Tamll)" - (5.17)
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To obtain nuclearity for Z(s) = Y_.° ; =, (s) (3.26), note that for s — oo, || T «|l1
and o(s, k) converge monotonously to zero (cf. Lemma 5.4 and (5.13)). So there
exists Smin < 00 such that o(s,k)||Tsk[l1 < 1 for all s > Syin. But for these
values of s, there holds

D NEG) <D (a5, 7) [ Tol1)" < o0, (5.18)
n=0 n=0

and the series Y ° /=, (s) converges in nuclear norm to =(s). Since the set of
nuclear operators between two Banach spaces is closed with respect to conver-
gence in || - ||1, the nuclearity of Z(s) follows.
The Reeh-Schlieder property for the double cone algebras A(Op ;) is a con-
sequence of the nuclearity of Z(s) (Theorem 2.5).
For a region of the form Og 5, + € Wg, —22 > s
parameter \ such that

cosh X sinh A 0
(sinh/\ cosh/\)x: (s) ) § > Smin - (5.19)

Since the modular operator of (M, £2) commutes with the boosts U(0, A), and
U(0,\)2 = 02, it follows that =(z) and Z(s) are related by

2

~ins there exists a rapidity

E(x) = U0, \)=(s)ay ax(A) :==U(0,\)AU0,\)". (5.20)

So the invariance of M under the modular group «) and the unitarity of U (0, A)
imply that Z(z) is nuclear, too, with ||=Z(z)||1 = ||Z(s)]|1-

The corresponding statement for double cone regions O, with b —a € Wk,
—(b—a)?* > s2,, follows by translation covariance. O
Theorem 5.6 establishes the Reeh-Schlieder property (and all the other conse-
quences of the modular nuclearity condition discussed in Section 2) for double
cones having a minimal “relativistic size”. This size is measured by the length
Smin and depends on the scattering function Se and the mass m. For example,
if we consider a scattering function of the form (3.24) with N =1 and 3, = =,
one can derive the estimate sy, < lo, where [¢ is the Compton wavelength
corresponding to the mass m.

Whereas the occurrence of a minimal localization length in theories describ-
ing quantum effects of gravity is expected for physical reasons, we conjecture
that the minimal length s,;, appearing here is an artifact of our estimates. This
conjecture is supported by a second theorem, stated below, which improves the
previous one under an additional assumption on the underlying scattering func-
tion.

The set Sy of regular scattering functions can be divided into a “Bosonic” and
a “Fermionic” class according to

St :={Sy €8y : S2(0) = +1}, So=85US, . (5.21)

We emphasize that, independently of the scattering function, all the models
under consideration describe Bosons in the sense that their scattering states are
completely symmetric (see Section 6).



Construction of Quantum Field Theories with Factorizing S-Matrices 29

However, as will be shown below, there exist certain distinguished unitaries
Y+ mapping a model with Sy € SOi onto the Hilbert space H* corresponding
to the special model with the constant scattering function So = +1.

In order to distinguish between the different scattering functions involved,
we adopt the convention that the usual notations z, 2%, D, P,, H,, H refer to
the generic S2 € Sy under consideration. All objects corresponding to the con-
stant scattering functions Sy = +1 are tagged with an index “+”, i.e. we write

T + + + +
z4, 24, Dy P Hy  HE

In preparation for the construction of the unitaries Y* : H — H*, note that
each Sy € S is analytic and nonvanishing in the strip S(—k(S2), k(S2)), since
zeros and poles are related by Sa(—¢) = S2(¢)™! (cf. (3.3) and Definition 3.3).
So there exists an analytic function ¢ : S(—x(S2), k(S2)) — C (the phase shift)
such that

S5(C) = S2(0) e (€ S(—r(S), k(S2)) . (5.22)
Since S5 has modulus one on the real line, § takes real values on R, and we fix

it uniquely by the choice 6(0) = 0. Note that in view of Sa(—0) = S2(0), 0 € R,
d is odd.

Lemma 5.7. Let Sy € S and 6 : S(—k(S2), £(S2)) — C be defined as above.
Consider the functions
YiE=1, YO =1. YiO:= ][] (iei‘*@k—@)) L n>2 (5.23)

n
1<k<I<n

and the corresponding multiplication operators (denoted by the same symbol Y,¥ ).

a) Viewed as an operator on H?(T,,(k(S2))), Y. is a bounded map with operator
norm [|Y.5|| < [|S2 /2.

b) Viewed as an operator on L2(R™), Y, is a unitary intertwining the repre-
sentations D,, and D of &,,, and hence mapping the Sa-symmetric subspace
H,, C L3(R") onto the totally (anti-) symmetric subspace HX C L?(R™).

Proof. a) Since ¢ is analytic in S(—k(S2),%(Sz2)), so is the function Y in

S(—43£(S2), 3£(592))*". Depending only on differences ( — (; of rapidities, Y,

is also analytic in the tube 7;,(k(S2)) = S(—3£(S2), 36(52))*™ 4+ iXo. In view

of (4.38), it follows that

[V EQ)| < 1S20™2, ¢ € Ta(k(S2)). (5.24)

Hence Y, maps H?(7,,(k(S2))) into itself, and the bound [|Y,FF[| < ||S2||Z || F,
F € H*(7,,(k(S2))), proves a).
b) Considered as a multiplication operator on L2(R"), Y;* multiplies with a

phase and is hence unitary. Let 7; € &,, denote the transposition exchanging j
and j + 1, j € {1,...,n}, and pick arbitrary f,, € L?(R"), 8 € R™.

(DE(T)YE£u)(0) = €200 T (29O £, (01,011,054 00)
1<k<I<n
(kD (5,3+1)

= H (ieié(ekiel)) 'S2(9j+1 —Hj)fn(Gl,..,0j+1,9j,..,0n)
1<k<i<n
= (Y, Dn(75)fn)(6)
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As the transpositions 7; generate &,,, this calculation shows that Yni intertwines
D* and D,,. In particular, Y,* restricts to a unitary mapping H, onto HE. 0O

The operator

v =@V H—H* (5.25)

n=0

will be used to improve the estimate on ||Z},(s)||; underlying Theorem 5.6. In a
model theory with scattering function Sy € 83[, we consider the maps
EE(s) :=YEE,(s) : M — HE, EE(s) = YEE(s).

Since Y* : H — H* is unitary, Z(s) is nuclear if and only if Z*(s) is, and
in this case |Z(s)|l1 = [|E*(s)||1. Moreover, as Y,F acts by multiplication with
a function depending only on differences of rapidities, this operator commutes
with the translation U(s) and the modular operator A, i.e.

E(5)A = AV (L)Y (L)) = (AL (s, k) Y Bu(s, ) A.
Here %,(s, ) is defined as in (5.7) and A (s, k) acts as A,(s, ) (5.8), but is
now considered as a map from the subspace H2 (7, (x)) C H?(7,(k)), consisting
of the totally (anti-) symmetric functions in H2(7,,(x)), to H:.

Lemma 5.4 and Lemma 5.7 a) imply that Y,*%,(s,x) is a bounded linear
map from M to H?(7,(k)), x € (0,k(Ss)), with norm

1E (s mll < (152072 o(s,) " (5.26)

In the case So € S, the Pauli principle effectively reduces the size of the image
of A7 (s,k), which results in an improved estimate on || Z(s)||1, implying the
following theorem. In the case S3(0) = +1, the Pauli principle does not apply
and the subsequent argument cannot be used to obtain nuclearity for arbitrarily
small splitting distances. It should be mentioned, however, that the scattering

functions of all models known from Lagrangian formulations belong to the class
Sy 4]

Theorem 5.8 (Proof of the modular nuclearity condition).
In a model theory with scattering function So € S; (5.21), the maps Z(s) are
nuclear for every splitting distance s > 0.

In particular, in these models there exist observables localized in arbitrarily
small open regions O C R?, and the Reeh-Schlieder property holds without re-
striction.

Proof. Proceeding along the same lines as in the proof of Lemma 5.5, we infer
that A, (s, k) is nuclear and can be represented as in (5.16). With the notations
used there, € = (¢1,...,6n), € = %1, there holds for F~ € H? (7, (k))

0—5€

A (s,k)F~ =27" Zal cen(Toern @ oo @ T o)y, . (5.27)
€
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Choosing an orthonormal basis {1y}, of L?(R), the vectors

O =2t () - 2 ()2 = Vil P (g, @ @y,

1 .
= N Z sign(p) Yp(ey) @ - @ Yp(en) (5.28)
" 0e®,

form an orthonormal basis of H,, if k = (k1, ..., ky,) varies over k1 < ka < ... < ky,
ki,...,kn, € N, as a consequence of the Pauli principle.
Expanding the right hand side of (5.27) in this basis, we find

A-(s,k)F~ =27 ”Zal Z (W s (Toern ® - @ Toen) Fry_se) ¥,
k1< <kn
= — €1 €En sign(p) x
ng: . > sign(p)
@,
XY AT W) ® - @ To e Wop()s Fyp—ze) Y -
k1<...<kn

This is an example of a nuclear decomposition (5.1) of A; (s, ), with the func-
tionals 7 from Definition 5.1 being given by

_ €1 ensign(p)
) = W—m< Ty e k®olh) @ QT5 o p(hn)s F ;g>- (5.29)

ngj,p,k(F
To obtain a good bound on ||17;Z’7p7k||7 we have to choose the basis {¢}}; in an
appropriate way. Consider the positive operator T . := (T, 1> + |TS*7_N|2)1/2,
which is of trace class on L?(R) and satisfies |Ts x|[1 < 2|/ Ts.x]l1 [41]. We choose
{¥r}r as normalized eigenvectors of T 1, with eigenvalues t; > 0.
Noting T3 ethi; | < [ Tsenton; | = tu; and [|Fx,_s.|l < [F[l, we can
estimate (5.29) according to ||17€7p7k( N < by -ty /(2"\/_) IEF~]. Since
[¥ | =1and > _  1=2"-nl this yields

- 1 175, I 1
14, (s,8)[1 < Vn! E thy oo th, < —= E oy = tp, = ——=—.
k1 <...<kn V! E1yookn=1 vn!

In view of the bound (5.26) on Y, X, (s, k), we arrive at the following estimate
for the nuclear norm of 7 (s) = > J A; (s, k)Y, Xn(s, k),

3 ’i ”52”1/2 ”Ts H” )
1 <
E N < 00. (5.30)

This series converges for arbitrary values of o(s, &)||Sa||*/? || Ts.x |1, i.e. for arbi-
trary splitting distances s > 0. O
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6. Collision States and Reconstruction of the S-Matrix

The theorems of the preceding section establish the existence of a class of quan-
tum field theories. In this section, we investigate the collision states of these
models and prove that they provide the solution of the inverse scattering prob-
lem for the considered class of S-matrices. More precisely, we will show that
the function Ss, which entered as a parameter into the construction, is related
to the S-matrix of the model as in (3.1) (Theorem 6.3). Moreover, we will find
explicit formulae for n-particle scattering states and give a proof of asymptotic
completeness (Proposition 6.2).

To compute n-particle collision states, it is sufficient to restrict to the fam-
ily Sp of regular scattering functions (Definition 3.3), as Theorem 5.6 ensures
that in this case there exist compactly localized observables satisfying the Reeh-
Schlieder property, at least in double cones above some minimal size. Since any
number of double cones of any size can be spacelike separated by translation, it
is possible to apply the usual methods of collision theory in this class of theories
— localization with arbitrarily high precision is not needed.

The method to be used for the calculation of the S-matrix is Haag-Ruelle scat-
tering theory [2, Ch. 5] in the same form as in [14], where scattering properties
of polarization-free generators have been analyzed. As usual in this approach,
we consider quasilocal operators of the form, A € A(O),

Alfe) = /d%ft(x)A(l’), Alw) = U(2)AU ()™, (6.1)

The functions fy, t € R, are defined in terms of momentum space wavefunctions
[ by

1 ry i(po—w —ip-x 1/2
fi(x) := %/def(po,pl)e (Po—wp)t g—ip-z wp = (mQ—i—p%) 2 (6.2)

Here f is taken to be a Schwartz test function, such that the integral (6.1)
converges in operator norm.

For the construction of collision states, the asymptotic properties as t — +oo
of these functions are important. We introduce the velocity support of f as

V() = {p1-w;) s po,p1) €supp f},  wpi= (G +mA)Y2. (6.3)

Recall that the support of f; is essentially contained in ¢ V(f) for asymptotic
times ¢ [35]. More precisely, let x be a smooth function which is equal to 1
on V(f) and vanishes in the complement of a slightly larger region. Then the
asymptotically dominant part of f; is fy(x) := x(z/t)fi(z), and for any N € N,
the difference |¢|V (f;— f;) converges to zero in the topology of .7 (R?) as t — 400
([35], see also [53, Cor. to Thm. XI.14]). We also adopt the notation from [14]
to write f < g if V(g) — V(f) C {0} x (0, x0).

This notation will be used for single particle wavefunctions as well: Given
smooth, compactly supported 6 +— 11(0),0 — 15(0), we write ¢y < o if
supp¥e — supp ¢y C (0,00). It is straightforward to show that in this situa-
tion, there exist testfunctions fi, fo € .#(R?) such that f;" = 1, fi7 = o, and
f1 < f2 in the previously defined sense.
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If the support of f is concentrated around a point (wp, p1) on the upper mass shell
and does not intersect the energy momentum spectrum elsewhere, A(f;)2 € H;
is a single particle state which does not depend on the time parameter ¢. Fur-
thermore, there exist the following (strong) limits

lim A(f)¥ = A(f)om ¥, lim A(ft)"W = A(f)eu ¥, (6.4)
t—+oo in t—+too in
to the asymptotic creation and annihilation operators A(f)ous/in and A(f)
respectively.

These limits are known to hold for all scattering states ¥ of compact en-
ergy momentum support, in particular, for all single particle states of the form
&(f)2 = f, where f* has compact support [14].

The creation and annihilation operators A(f )ex(*), ex = in/out, are related
to the Zamolodchikov operators zi, z4 with the constant scattering function
S = 1, acting on the totally symmetric Bose Fock HT space over H. This
relation is implemented by the Mgller operators Vey : HT — H,

*
out/in’

Alf)ex = Vex 2L (A(H)2) Vix™s A(flex” = Vex 24 (A(H)2) V™. (6.5)

Having recalled these basic facts of scattering theory, we now fix a regular scatter-
ing function and compute n-particle collision states in the corresponding model
theory. Using the standard notation for scattering states, we find the following
Lemma.

Lemma 6.1 (Calculation of n-particle collision states).

Consider testfunctions f1, ..., fn € % (R?) having pairwise disjoint compact sup-
ports concentrated around points on the upper mass shell such that f1 < ... < fn.
Then

(fiF o f)out = 3(f1) -+ d(fu) R =Vl Po(ff @ . @ £1) (6.6)
(X e X fD) i = 6(fn) - 0(f)2 =Vl P(fF @@ f7).  (6.7)

Proof. Since the supports of the fi do not intersect the lower mass shell, the
annihilation parts of the fields ¢(fx) vanish, ¢(fx) = z7(f;7). So the second
identity in (6.6) and (6.7) follows from (3.13).

The proof of the first identity in (6.6) and (6.7) is based on induction in the
particle number n. For n = 1, we have

¢(f1)9 = flJr = (flJr)out = (flJr)inv (6'8)

since f; is a single particle state. For the step from n to (n+1) particles, consider
operators Ay, ..., A, € A(O) localized in a double cone O large enough for {2 to
be cyclic for A(O). We want to establish commutation relations between ¢(f)
and the creation operators Ag(gk)out, where f < g1 < ... < g, and the test
functions f, g1, ..., g, have the same support properties as the fi,..., f,. As the
support of f intersects the energy momentum spectrum only in the upper mass
shell, it readily follows from the definitions (3.17) of f* and (6.2) of f, that

fif=f*, f7 =0,teR. Since f; — f; converges to zero in .7 (R2) for t — oo,
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and since f — ¢(f)¥, ¥ € D, is a vector valued tempered distribution, this
implies

SN = ¢(f)¥ = Jim ¢(f)¥,  PeD. (6.9)

Since ||A(Gr,t) — Algr.)|l < IAllllgr.e — gr,tll1 — 0 for ¢ — oo, we can use the
strong convergence Ag(grt) — Ak(gr)out and the hermiticity of ¢ to obtain,
v eD,

(D(F) W, (A1(91)02 X .. X Ap(gn)Pout) = Hm (S(f1)* W, A1 (G1.e) -+ An(Gn.t) £2).

t—o0

For large t, the functions ft and g+ have supports in small neighborhoods of

tV(f) and t V(gx), respectively. Hence ¢( ft)* is localized in a wedge WS) slightly
larger than Wi+t V(f), and A (g, ) is localized in a neighborhood of O+t V(gy).
For large enough t > 0, these regions are spacelike separated since f < g. As
o(f:)* is affiliated with A(WL(t)), it follows that this operator commutes with
Ak(Gkt), k=1,...,n. Thus

()T, (A1(91)2 X oo X An(gn)Dowe) = lim (', A1(§1.2) -+~ An(Gn,0)9(f1) 12)
= t]i)rgon yA1(G14) - An(Gnt) ft—i_> :

t2n

A straightforward estimate yields ||A1(g1,¢) - - - An(Gn,1)|| < ct*™ with a constant

¢ > 0. But since t2"( f,— f;) converges to zero in the topology of .7 (R2), it follows
that also t27||f;" — f*|l2 — 0. So we may replace f;% in the above equation by
/1, and use the strong convergence A (Jx.t) — Ak(gr)out on this single particle
state to conclude

(B(f)" 2, (A1(g1)2 X .. X Ap(gn)2)out) = (¥, A1(g1)out -+ An(gn)ous f )
= <L[/7 (Al(gl)g X ... X An(gn)Q X f+)out>
=, (fT x A1(g1)2 % ... X Ap(9n)2)out) ,

where in the last step we used the Bose symmetry of the scattering states.

In view of the Reeh-Schlieder property of A(O), we can approximate the sin-
gle particle state f;” by Ay (gx)f2. Given any £ > 0, there exist local operators
Ai, ..., A, € A(O) and functions g1, ..., gn, with g having support in an arbitrar-
ily small neighborhood of the support of fi, such that || f;7 — Ax(gx)92|| < e. As
the left and right hand side of the above equation are continuous in the Ay (gx) {2,
this implies

(DU P, (Fi % o X i )out) = (&, (FF % fi7 5 X f Jout) - (6.10)

Since ¥ € D was arbitrary and D C H is dense, we can use the induction
hypothesis and obtain

S()o(f1) - S(fu)2 = S(F)(fi" X o X filJour = (fF % i x oo X i )out

proving (6.6).

For incoming n-particle states, the order of the velocity supports of fi, ..., fn
has to be reversed, since Wy, 4+ ¢t V(f1) is spacelike separated from O + ¢ V(f)
for t - —oo if f > fi. Apart from this modification, the same argument can be
used to derive formula (6.7). O
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Given smooth, compactly supported single particle functions 1, ..., ¥, € H;
with supports ordered according to ¥ < ... < 1, there exist testfunctions
fiy e fn € S (R?) such that f; =y, fr =0, k=1,..,n,and fi < .. < fn.
Hence for these ¥y,

(1 X oo X PnJout = VI Po(¥1 @ . @ ¥p), 1 <o <thp,  (6.11)
(1 X oo X Pp)in = VAL Pa (P @ . ® 1), 1 <o <. (6.12)

In terms of improper n-particle states with sharp rapidities, we have thus shown
that

2101) - 21(0,)02 = |61, ... 00 ous 01 < ...< 0y, (6.13a)
2101) - 21(0,)2 = |61, ....00)in 01> ...>0,, (6.13b)

are asymptotic collision states in the sense of the Haag-Ruelle scattering theory.

The identification of incoming and outgoing n-particle states with n-fold prod-
ucts of such creation operators acting on the vacuum, arranged in order of de-
creasing, respectively increasing, rapidities, is one of the basic assumptions in
the framework of the form factor program. In fact, it has motivated the very
definition of the Zamolodchikov-Faddeev algebra [63]. It is therefore gratifying
that with the help of the approach presented here, the heuristic picture under-
lying the relations of this algebra can be rigorously justified.

The outgoing and incoming scattering states (6.11, 6.12) form total sets in the
Hilbert space H. To prove this, note that the functions 6 — []}_, 5 (0)) form
a total set in the space L?(E,,) of all square integrable functions on the simplex
E, = {(61,....,0,) € R" : 6 < ... < 0,} when the 1), are varied within the
limitations specified above. But the Ss-symmetrization P, is a linear and con-
tinuous map from L2(E,) to H,, with dense range. Hence the totality of the
constructed outgoing n-particle collision states in H,, follows.

Analogously, one can show that also the incoming n-particle states form a
total set in H,,. Taking linear combinations of states of different particle number,
it also follows that the spaces Hoyut and Hi, spanned by all outgoing and incoming
scattering states are dense in H. So we arrive at the following proposition.

Proposition 6.2 (Asymptotic completeness).
All model theories with reqular scattering functions are asymptotically complete.

This result seems to be the first proof of asymptotic completeness in an inter-
acting relativistic quantum field theory [19].

We finish this section by computing the Mgller operators Vi, Vout and the S-
matrix S. The asymptotic states span the Bosonic Fock space HT = @2020 HE
over H; = L?(R). Denoting the orthogonal projection onto M, by P, we infer
from the form (6.11,6.12) of the collision states that the Mgller operators are
given by

Vout Py (01 @ .. @ thn) = Pa(1 ® .. @ thn), 1 < oo < Uy, (6.14)
Ve Py (0 @ . @ Y1) = Po(n @ . @ ¢1), 1 <o <. (6.15)
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In view of the ordering of the supports of the ¥y, these equations determine two
well-defined linear operators Vi, /ous with dense domains and ranges, and since

1P (1 @ oo @)l = 0t V2 [ gn]| - lbull = [ Patr ® . @ )|, (6.16)

Vin and V,u continue to unitaries mapping H™ onto H. The S-matrix is the
product of the Mgller operators,

S = Vout Vin : HT — HT. (6.17)

Theorem 6.3 (Calculation of the S-matrix).
The model with scattering function So € So solves the inverse scattering problem
for the corresponding S-matriz, i.e. its scattering operator (6.17) is, ¥T € HT,

(ST (01, 00) = [ S2(100 — Ok]) - ZF (01, ... 0) - (6.18)

1<I<k<n

Proof. Recall that the Ss-symmetrization operator P,, has the form (3.5)

1
(Pan) (01,1 0n) = — D 8001, 0n) - Tn(Op(1)s ons i) (6.19)
0@,
S001,.00) = [ S2(00) — Opiiy) - (6.20)
PDSp)

Consider 91, ...,¢, € C(R), 1 < ... < ¢, and a point 8 € R™ such that
Or(1) < ..o < Or(n) for some permutation 7 € &,,. In this situation, there holds

(Pultr ® . @))(0) = - 57(0) ba(bs)) - buOi) . (6:21)

and Vot (6.14) is seen to act on n-particle states by multiplication with the
function @ — {S7(0) : 0.1) < ... < Or(y}. Similarly, Vi, (6.15) acts by mul-
tiplication with 6 ~— {S7*(0) : 0.(1) < ... < 0rn)}, where ¢ € &, is the total
inversion permutation, ¢(k) := n—k+1. This implies that the n-particle S-matrix
is the multiplication operator

(ST, (0) = S,.(8) - ¥ (8), ot e Ht, (6.22)
Sn(6) = {ST(0)7'ST(O) : Or(1) < oo < Oy} (6.23)

Since D, (3.5) is a representation of &,,, there holds
ST01, ..y 0n) = Sp (01,0, 00) S (On(1ys oo On(ny), b1, €RL(6.24)

Hence, for ;1) < ... < 0r(n),

Sn(01, . 00) = S (On1ys o O0n) = [ S2(Oruty = Orey) (6.25)

1<I<k<n

= JI S0ty — 0= [ S20:—0kl). (6.26)

1<I<k<n 1<I<k<n

As all reference to the permutation 7 has been eliminated, this formula is valid
for arbitrary 64, ..., 6,, € R, and finishes the proof of the claimed expression (6.18)
for the S-matrix. O
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7. Conclusions

In the present article, the construction of a large class of quantum field theories
with factorizing S-matrices has been completed. The starting point of this con-
struction is a pair of wedge-local quantum fields associated with a given S-matrix
S, and the observation that the structure of the local observables correspond-
ing to S are fixed by commutation relations with these fields. By employing
operator-algebraic techniques, basic problems such as the existence of models
with a prescribed S-matrix were solved without having to specify explicit for-
mulae for local interacting quantum fields.

It is interesting to notice that, at least in the class of models considered
here, the rather abstract modular nuclearity condition needed to prove the exis-
tence of local observables amounts to very explicit conditions of analyticity and
boundedness properties of matrix elements of observables localized in wedges. So
these form factors play an important role also in the construction presented here,
although in a manner quite different from their use in the form factor program.

For a complete understanding of these models, both, the algebraic approach
presented here and the form factor program, are relevant. Structural properties
like asymptotic completeness (which enters into the form factor program as an
assumption) can be more conveniently analyzed in the algebraic framework.
Furthermore, it is possible to discuss large classes of models at the same time
in this approach. In comparison, the form factor program is better suited for
deriving approximate formulae for local quantities such as n-point Wightman
functions. Although the convergence of the form factor expansion is not under
control yet, one might speculate that this situation can be improved in view
of the now established existence theorem, just as the heuristic motivation of
the relations of the Zamolodchikov-Faddeev algebra were rigorously justified in
Haag-Ruelle scattering theory.

In addition to properties of the scattering states, also something about the
thermodynamics of models with a factorizing S-matrix can be learned from our
analysis. By a slight generalization of our arguments, and following the reasoning
in [16], it can be shown that the maps O3(s) : A(Os) — H, Op(s)A = e PHAQD,
where H denotes the Hamiltonian and Oy, = WrN(WL+(0, s)), s > 0, are nuclear
if Z(s) is. An estimate on the nuclear norms ||@3(s)||1 can be calculated. As the
quantity [|©s(s)||1 is to be interpreted as the partition function of the restriction
of the considered theory to the “relativistic box” Oy at inverse temperature (§
[21], such estimates provide information about gross thermodynamical proper-
ties of the system.

In the present paper, we restricted ourselves to models describing a single species
of neutral, scalar particles. There also exist many integrable quantum field the-
ories with richer particle spectra, containing bound states and solitons. The
generalization of the construction procedure presented here to this larger class
of models is currently under investigation®. Before a generalization to models
with bound states can be realized, one probably needs to develop an operator-
algebraic understanding of the singularity structure of the corresponding S-
matrices [1,6], just as the crossing symmetry of factorizing S-matrices is now

6 H. Grosse and G. Lechner, work in progress.
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known to be linked to the wedge-locality of its associated polarization-free gen-
erators [57].

Besides these more specific aspects of models with factorizing S-matrices, we
note in conclusion that the general idea of constructing interacting model theo-
ries by first considering nets of wedge algebras and then analyzing their relative
commutants is applicable to higher-dimensional spacetimes as well. However, the
modular nuclearity condition cannot be satisfied if the spacetime dimension is
larger than two. Finding an adequate condition, applicable in physical spacetime
and ensuring the non-triviality of intersections of wedge algebras, might there-
fore lead to considerable progress in the construction of interacting quantum
field theories.
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A. Proof of Lemma 4.2

In this appendix, we prove the two formulae (4.21) and (4.22) for the completely
contracted matrix elements (A)5° (4.20).
Recall that a contraction C' € €, i, is a set of pairs,

C= {(ll,Tl),...,(l|c|,’l‘|c|)}, (Al)

with [C] < min{k,n —k}. The “right indices” satisfy r1,...,7¢| € {1,...,k}, and
the “left indices” I1,...,ljc] € {k +1,...,n}. As before, we write lc and r¢ for
the sets {l1,...,{|c|} and {r1,...,7|¢c|}, respectively.

We will need to distinguish between those contractions C € %, , which do
not contract k + 1, i.e. fulfill K + 1 ¢ l¢, and those contractions which have
k+ 1 € lc as a left index. The former set will be denoted %ﬁnyk, and the latter

‘fvnyk. The set of all contractions is the disjoint union 6, = ‘@”Ank L ‘fvnyk.
Also recall the shorthand notations d;, := 6(6; — 0;), Sa.p := S2(0s — 0) and

the definitions of §¢ and Sék),

o [
k k
b= (D) T o, SE=T] H GO sﬁj?l . (A2)
j=1 j=1mj=r;+1 i <r;

1;<lj

S(k). {Sb,a;a§k<borb§k<a' (A.3)

Sa,b ; otherwise
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Note that a contraction €/ € %, is always a union ¢’ = C U {(k + 1,7)},

where C' € 6,1, has length |C| = |C’] — 1, and r ¢ 7¢. In this situation, there
holds

dcr = =041, OC (A.4)
ol -1 k
k k k k
Sé”) = H H Sf(fj)ﬂ“j ’ H S,(,]f_’)r ’ H S7(‘j;)li ’ H Sﬁxlz ' H Sﬁjx)k"‘l
j=1mj=r;+1 m=r+1 T <Tj TiST Ty
Li<l U <k+1 k1<l
k
= S(C{C) . H Sm,r . H SkJrl,’r‘]‘ ) (A5)
m=r+1 r<r;

since l1, ...,ljc| > k + 1. Taking into account S, = Sb,a_l (3.3), we get

k
dcr - S8 = ~6c-S& bk [T Smasa- (A.6)

m=r+1
m#r for rj>r
Similarly, contractions C” € %, 41 contracting k + 1 (as a right index) are

unions of the form C” = {(I,k+ 1)} UC, with C € %, and | ¢ lc. By a
computation analogous to the one above one finds in this situation

-1
50// = —50 * 5[1k+1 9 Séﬁj’l) — Sgc+1) * H Sk+1,m . (A7)

m=k-+2
m#l; forl; <l

Now consider some contraction C' € %Anyk. Repeated application of the rela-
tions of Zamolodchikov’s algebra (3.15) yields (cf. (4.16))

(e| Alre)ni =<z£+2---z§1 "'ZzT‘c‘ ol Qe Azl 2 )
= (lc U{k + 1}| [zk+1, 4] [PC)n.k (A.B)

k k
+ Z 5k+177« H Sm7k+1 . <lc U {k + 1}| A |’I‘c U {T}>n,k .

r=1 m=r+41
TET m;érj forrj>7‘

Consider the last line, multiplied with 5ch€) and summed over all C € ank

Taking into account the remarks made at the beginning of the proof, there
holds Zle rdre 220e?, » = 2uCred, o With the contractions C' and C” being

related by C' = CU{(k+1,r)}. Moreover, the delta distributions and scattering
functions appearing in (A.8) are the same as in (A.6). So we conclude

S 6eSPcl Alre)nr =Y. eSS e Uk + 1} [z141, Al e
Ce%n CECn,k

- Y SeSE e Alren,
C’ng,k
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and as G,k = ank U %k

3" 0088 Utk + 1 [z, Allrc)ne = Y. 0eSE (| Alrc)n -
Ce‘rfn,k CG%n,k

Since the right hand side coincides with (A)5°} (4.20), this proves the first for-
mula (4.21) of Lemma 4.2.

For the second formula (4.22), we argue in a similar manner. Considering a con-

traction C' € %, 1, the relations (3.15) of Zamolodchikov’s algebra and S, =
Sh.a (3.3) imply

QcUlk + 1} [A, 2] ] [redne = (el Alrc)nps (A.9)
n -1
= > Gkt I Serrm- Qe UL Alre U{k+1}) 41 -
I=k+2 m=k+2
Lglc m#l; forl; <l

According to the remarks made at the beginning of the proof, all contractions
in % k41 are of the form C” := CU{(l,k+ 1)}, C € Gni, | ¢ lc, ie. we
have the equality of sums >3," ;o101 Y ocs, , = 2ocved, ., Laking into ac-

count the relations (A.7), it follows that the second term on the right hand
side in (A.9), multiplied with 5cSék+1) and summed over C € (fn)k, gives

DG i 50//Sélc/j_1)<lc~| A|rciYn kt1. As the first term in (A.9) yields the

sum over all C' € €, k, and since €, k+1 = Gnk U G k+1, We arrive at

3 eSS e U {k+ 1 [A, 2] ] e n
Ce‘rfn,k

= Z 6ch€+1)<lc| Alrc)n k1 = <A>$7,C,);€l+l .
CECn, k+1

This is the desired equation (4.22). O
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